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We provide a new class of interior solution of a (2 + 1) dimensional anisotropic star in Finch and
Skea spacetime corresponding to the BTZ black hole. We have developed the model by considering
the MIT bag model EOS and a particular ansatz for the metric function grr proposed by Finch and
Skea [1]. Our model is free from central singularity and satisfied all the physical requirements for
the acceptability of the model.
PACS numbers: 04.40.Nr, 04.20.Jb, 04.20.Dw
I. INTRODUCTION
Introduction of lower dimensional gravity, soon became
an interesting tool as many difficult fundamental prob-
lems of 4 − dimensions became much much simpler in
(2+1) dimensions. It did enhance various understandings
of gravity theories. Though conventional realization of a
black hole was first revealed in the back ground of 4 − di-
mensional space time, a lower dimensional analysis is pre-
ferred more to understand the different issues. Banados,
Teitelboim and Zanelli (hence BTZ) [2], in the presence
of negative cosmological constant, had constructed an
analytic solution representing the exterior gravitational
field of a black hole in (2 + 1) dimensions which was
opened up the possibility of investigating many interest-
ing features of black holes. Recently, Rahaman et al [3]
have obtained a different kind of exact BTZ black hole
solutions of Einstein’s field equations in (2 + 1) dimen-
sional anti-de Sitter back ground space-time in the con-
text of non-commutative geometry . R. B. Mann and
S. F. Ross had investigated under what circumstances
a disk of pressureless dust, actually a 3D analogue of
Oppenheimer-Snyder collapse, will collapse to the zero
angular momentum BTZ black hole [4]. The properties
of such type of collapse found to be the parallel process
to the 4 dimensional ones. Collapse to a point singular-
ity occurs in finite proper time, and the event horizon
forms in infinite coordinate time, with an infinite red-
shift. Martins et al [5] considering the collapse of dark
energy fluids, had studied the collapse of an anisotropic
fluid with zero radial pressure. Irrespective of the ini-
tial fluid nature they obtained a black hole as a result(in
(2+1) dimensions). This was significantly different from
higher dimensional phantom energy collapse [6]. Cruz
and Zanelli[7] obtained an interior solution for an incom-
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pressible fluid in (2 + 1) dimensions and investigated the
bound on the maximum allowed mass of the resultant
configuration. By assuming a particular density profile,
a class of interior solutions corresponding to BTZ ex-
terior was provided by Cruz et al[8]. Consideration of
three-dimensional perfect fluid stars in hydrostatic equi-
librium(with polytropic EoS), matched to the BTZ black
hole exterior geometry was done by Paulo M. Sa.
The introduction of a negative cosmological constant
for stellar solutions with finite mass and finite radius,
did match to an exterior black hole geometry in a way
similar to the situation in four dimensions. The solu-
tion obtained by Sharma et al [9] is regular at the center
and it satisfies all the physical requirements except at
the boundary where the authors have proposed a thin
ring of matter content with negative energy density so
as to prevent collapsing. The discontinuity of the affine
connections at the boundary surface provide the above
matter confined to the ring. Such a stress-energy tensor
is not ruled out from the consideration Casimir effect for
massless fields.
Derivation of all perfect fluid solutions for the static
circularly symmetric space-time was done by Garcia [10].
The general solution is presented in the standard coordi-
nate system {t, r, θ} , and alternatively, in a system − the
canonical one− with coordinates {t, N, θ}. The exact an-
alytic form of the metric potentials, in this formulation,
can be obtained for any arbitrary choice of the density
profile or EOS of the matter content of the fluid source.
In particular, they presented a solution corresponding
to a static circularly symmetric perfect fluid source hav-
ing constant energy density, which (in the presence of a
cosmological constant) might be considered as analogous
to the incompressible Schwarzschild interior solution in
(3 + 1) dimensions. Since determination of the exact
analytic form of the solution in this formalism requires
knowledge about the EOS of the composition or the ra-
dial dependence of energy-density, we find it worthwhile
to adopt an alternative method where the right hand side
of the Einstein’s field equations (Tij) will be governed by
the geometry of the associated space-time (Gij ).
2II. INTERIOR SPACE-TIME
The metric for a static circularly symmetry Finch and
Skea type star in (2 + 1) dimensional spacetime can be
written as
ds2 = −e2ν(r)dt2 +
(
1 +
r2
R2
)
dr2 + r2dθ2 (1)
Where R is a curvature parameter and t = constant
hypersurface of the metric (1) is parabolic in nature.
Let us assume that the energy momentum tensor for
the matter distribution at the interior of the star is of
the form,
T ij = (ρ+ pr)u
iuj − prg
i
j + (pt − pr)η
iηj (2)
Where uiuj = − η
iηj = 1 and u
iηi = 0.Here the
vector ui is the fluid 3−velocity and ηi is the spacelike
vector which is orthogonal to ui,ρ is the energy density,pr
and pt are respectively the radial and the transversal
pressure of the fluid. The Einstein field equation in
(2 + 1) dimension with cosmological constant Λ(< 0) for
the spacetime given in equation (1) together with the
energy-momentum tensor given in equation (2),assuming
G = c = 1 gives three independent equations as follows:
2piρ+ Λ =
1
R2
(
1 +
r2
R2
)−2
(3)
2pipr − Λ =
ν′
r
(
1 +
r2
R2
)−1
(4)
2pipt − Λ =
(
1 +
r2
R2
)−1(
ν′2 + ν′′ −
ν′
r2 +R2
r
)
(5)
Let us consider the equation of state as
pr =
1
3
(ρ− 4B) (6)
where B is the Bag constant.
Solving equation (4) and (6) with the help of equation
(3) we get,
ν = ν0+
1
6
ln
(
1 +
r2
R2
)
−(Λ+2piB)
R2
3
(
1 +
r2
R2
)2
(7)
where ν0 is the constant of integration.
The space-time metric thus obtained is free from central
singularity. From equation (3) we get the expression for
density ρ as,
ρ =
1
2piR2
(
1 +
r2
R2
)−2
−
Λ
2pi
(8)
Putting the value of ν in equation (4) and (5) the expres-
sion for radial pressure is obtained as,
pr =
1
6piR2
(
1 +
r2
R2
)−2
−
1
6pi
(Λ + 8piB) (9)
Using (7) in (5) we get the expression of pt as,
pt =
Λ
2pi
+
1
2pi
 1
3R2
(
1 +
r2
R2
)−3(
1−
5r2
3R2
)
+
16
9
(Λ + 2piB)2r2
(
1 +
r2
R2
)
−
4
3
(Λ + 2piB)
(
1 + 8r
2
3R2
)
(
1 + r
2
R2
)
 (10)
III. EXTERIOR SPACE-TIME AND
MATCHING CONDITION
Let us match our interior solution to exterior BTZ
Black hole metric,
ds2 = −(−M0 − Λr
2)dt2 + (−M0 − Λr
2)−1dr2 + r2dθ2
(11)
Where the parameter M0 is the conserved charged as-
sociated with asymptotic invariance under the time dis-
placements. Let us assume that b is the radius of the
star.Therefore,by the continuity of the metric function
gtt and grr at the boundary of the star we get,
(
1 +
b2
R2
)1/3
e
2ν0−
2R2
3
(Λ+2piB)
(
1+ b
2
R2
)
2
= (−M0 − Λb
2)
(12)
and (
1 +
b2
R2
)
= (M0 − Λb
2)−1 (13)
Now at the boundary the pressure is zero ,i.e,pr(b) = 0
which gives,
1
6piR2
(
1 +
b2
R2
)−2
−
1
6pi
(Λ + 8piB) = 0 (14)
3FIG. 1: Variation of the density of the stellar object in the
interior region.
FIG. 2: Variation of the radial pressure of the stellar object
in the interior region.
FIG. 3: Variation of the transversal pressure of the stellar
object in the interior region.
Solving equation (13) and(14) we get,
R =
√
b2(−M0 − Λb2)
1 +M0 + Λb2
(15)
Which gives the value of the curvature parameter gov-
erning the value of the curvature spacetime of the metric
given in equation (1) and
B =
1
8pi
[
(1 +M0 + Λb
2)(−M0 − Λb
2)
b2
− Λ
]
(16)
which gives the value of Bag Constant.
Putting the values of B and R in equation (12) one
can easily obtain the value of integration constant ν0.
Let us take the value of Λ = −0.06 and M0 = 3.5
and radius of the star b = 10.45.Then from equation
(15) we get R = 12.74 and from equation (16) we
get B = 0.0001. Note that while solving Einstein’s
equations as well as for plotting, we have set c=G=1.
However, if you keep these parameters from the be-
ginning, the central density in our case turns out to
be ρc =
c4
G
[
1
2pi (R
−2 − Λ)
]
. The Bag constant will be
Bg =
c4
G
[
1
8pi
{
(1+M0+Λb
2)(−M0−Λb
2)
b2 − Λ
}]
. Plugging
G and c into relevant equations, the value of the cen-
tral density and Bag constant B turn out to be ρc =
1.5 × 1015 gm cm−3 and B = 83.7 MeV fm−3.
IV. PHYSICAL CONDITION
For a physical meaningful solution we must have den-
sity and pressure are decreasing function of r. In our
model,from equation (8) and (9),we have,
dρ
dr
= −
2rR2
pi(r2 +R2)3
< 0 (17)
dpr
dr
= −
2rR2
3pi(r2 +R2)3
< 0 (18)
At the point r = 0
dρ
dr
= 0 and
dpr
dr
= 0
and
d2ρ
dr2
= −
2
piR4
< 0,
d2pr
dr2
= −
2
3piR4
< 0
Which shows that density and pressure are decreasing
function of r and they have maximum value at the
center and decrease radially outwards which have been
shown in FIG.1 and FIG.2 respectively.
4Now central density is obtained as,
ρ0 = ρ(r = 0) =
1
2pi
(R−2 − Λ) (19)
and radial and transverse pressures at center are obtained
as,
pr(r = 0) = pt(r = 0) =
1
6piR2
−
1
6pi
(Λ + 8piB) (20)
These show that density and radial pressure both
are regular at the center of the star. We have plotted
density (ρ) and radial pressure (pr) in FIG.1 and FIG.2
respectively. The figures indicate that density and
pressure both are positive inside the stellar object.
The equation of state parameters ωr and ωt are given
by the equations
ωr =
pr
ρ
=
1
6piR2
(
1 + r
2
R2
)−2
− 16pi (Λ + 8piB)
1
2piR2
(
1 + r
2
R2
)−2
− Λ2pi
, (21)
ωt =
pt
ρ
=
Λ
2pi +
1
2pi
[
1
3R2
(
1 + r
2
R2
)−3 (
1− 5r
2
3R2
)
+ 169 (Λ + 2piB)
2r2
(
1 + r
2
R2
)
− 43 (Λ + 2piB)
(
1+ 8r
2
3R2
)
(
1+ r
2
R2
)
]
1
2piR2
(
1 + r
2
R2
)−2
− Λ2pi
. (22)
We plot these parameters in FIG : 4 and FIG : 5 re-
spectively. One can note that radial EoS parameter lies
within 0 < ωr < 1, however, transverse EoS parame-
ter increases with radial distance gets the value which is
greater than unity.
The measure of anisotropy (∆ = pt − pr) is given by,
pt − pr =
1
2pi
− 8r2
9R4
(
1 +
r2
R2
)−3
+
16
9
(Λ + 2piB)2r2
(
1 +
r2
R2
)
+
4
3
(Λ + 2piB)
1−
(
1 + 8r
2
3R2
)
(
1 + r
2
R2
)

 (23)
We have plotted the measure of anisotropy in FIG.6. Fig-
ure indicates that the anisotropy is directed outwards.
Now at the point r = 0, ∆ = 0 which gives the
physically meaningful solution.
We must have−M0−Λb
2 > 0 for appropriate signature
of the metric. This gives,
M0 < −Λb
2. (24)
Therefore, we get an upper bound of M0 from equation
(24).
V. ENERGY CONDITION:
It is well-known that that the null energy condition
(NEC),weak energy condition(WEC) and the strong en-
ergy condition (SEC) will be satisfied if and only if the
following four equations holds simultaneously at every
point within the source:
ρ+ pr ≥ 0 (25)
ρ ≥ 0 (26)
ρ+ pt ≥ 0 (27)
ρ+ pr + 2pt ≥ 0 (28)
Employing all the energy condition at the center (r =
0) We note that the first condition will be satisfied if
2
3piR2
−
2Λ
3pi
−
4B
3
≥ 0.
The second condition will be satisfied if
1
R2
≥ Λ and
1
8pi
(
1
R2
− Λ
)
≥ B.
The third condition will be satisfied if
2
3pi
[
1
R2
− (Λ + 2piB)
]
≥ 0.
5FIG. 4: Variation of equation state parameter ωr against the
radius r is shown in the figure.
FIG. 5: Variation of equation state parameter ωt against the
radius r is shown in the figure.
FIG. 6: Anisotropy of the stellar object in the interior region.
The fourth condition will be satisfied if
1
piR2
−
Λ
pi
− 4B ≥ 0.
The assumed and estimated values of Λ,M0, b, R,B
are consistent with the equations (25), (26), (27), (28) at
the origin. We have plotted the L.H.S of equations
(25), (26), (27) and (28) in FIG.7 and from the figure
it is clear that all the energy conditions are satisfied.
FIG. 7: the Variation of the energy of the stellar object in
the interior region.
VI. SOME FEATURES:
A. Mass Radius Relation
The mass functionM(r) of the stellar object within the
radial distance r is given by,
m(r) =
∫ r
0
2piρr˜dr˜ =
r2
2
[
1
r2 +R2
− Λ
]
By using equation (22) the upper limit of mass may be
written as
m(r)max ≡M(b) =
b2
2
[
1
b2 +R2
− Λ
]
=
1 +M0
2
<
1
2
(1−Λb2),
(29)
which gives, (m
r
)
max
≡
M
b
<
1
2b
(1− Λb2).
B. Compactness:
The compactness of the stellar configuration is given
by
u =
m(r)
r
=
r
2
[
1
r2 +R2
− Λ
]
. (30)
6FIG. 8: Variation of mass of the stellar object in the interior
region.
To see the maximum allowance of the mass radius ratio
of our model we have plotted m(r)r vsr in FIG.9. From
the figure, we notice that m(r)r is an increasing function
of ’r’ and the maximum value of m(r)r is 0.3025 <
4
9 .
Thus m(r)r ratio lies within the standard limit of (3+1)
dimensional case.
FIG. 9: compactness of the stellar object in the interior
region.
C. Surface Redshift:
The surface red shift function Zs is given by
Zs = [1− 2u]
− 1
2 − 1 =
[
1− r
(
1
r2 +R2
− Λ
)]− 1
2
− 1
(31)
Which has been shown in figure (10). The maximum
redshift of our (2+1) dimensional star of radius 10.45
turns out to be 0.729.
FIG. 10: surface redshift function of the stellar object in the
interior region.
VII. TOV EQUATION
The Generalized Tolman-Oppenheimer-Volkoff (TOV)
equation is of the form [11]
−
MG(r)(ρ + pr)
r
e
ν−µ
2 −
dpr
dr
+
2
r
(pt − pr) = 0 (32)
where MG(r) is the gravitational mass within the radius
r and is given by,
MG(r) =
1
2
re
µ−ν
2
ν′ (33)
Substituting the value of MG(r) in equation (25) we get,
−
ν′
2
(ρ+ pr)−
dpr
dr
+
2
r
(pt − pr) = 0 (34)
FIG. 11: Three forces acting on the fluid are in static equi-
librium.
The TOV equation in equation (34) described the equi-
librium of the stellar configuration under gravitational
7force Fg,hydrostatic force Fh and anisotropic stress Fa
within the stellar object so that
Fg + Fh + Fa = 0 (35)
where
Fg = −
ν′
2
(ρ+ pr) =
2
3pi
[
−
r
6R2
(
1 +
r2
R2
)−1
+
2
3
(Λ + 2piB)r
(
1 +
r2
R2
)][
1
R2
(
1 +
r2
R2
)−2
− (Λ + 2piB)
]
(36)
Fh = −
dpr
dr
=
2rR2
3pi(r2 +R2)3
(37)
Fa =
2
r
(pt − pr) =
1
pir
− 8r2
9R4
(
1 +
r2
R2
)−3
+
16
9
(Λ + 2piB)2r2
(
1 +
r2
R2
)
+
4
3
(Λ + 2piB)
1−
(
1 + 8r
2
3R2
)
(
1 + r
2
R2
)

 (38)
In figure FIG.11 we have plotted Fg, Fh, and Fa for a
particular stellar configuration. The figure indicates that
the star is in static equilibrium under these three forces.
VIII. DISCUSSIONS
We have presented a new class of solution in anisotropy
corresponding to the BTZ exterior spacetime in (2+1) di-
mensional Finch and Skea spacetime . Our solutions are
regular at center and satisfy all the physical requirements
.We have obtained the upper bound of the mass function.
It was proved by Buchdahl that for maximally allowable
mass-radius ratio 2MR <
8
9 for (3+1) dimensional space-
time. For our model the maximally allowable mass radius
ratio is 0.3025 < 49 which lies within the standard limit
of (3+1) dimensional case. Estimated value of Bag con-
stant B is 60-80 Mev fm−3 for a β equilibrium stable
strange matter configuration [12, 13]. Plugging G and c
into relevant equation the value of the Bag constant B
turns out to be B=83.7 Mev fm−3 which is very close to
the accepted value. However, one concern of this model
is the transverse pressure. It increases with radial dis-
tance as well as transverse EoS is greater than unity.
This behavior is shown due to high compactness of the
ultra-compact star where the density is above the nuclear
density.
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